Abstract. For Banach left and right module actions, we will establish the relationships between topological centers of module actions with some result in the weak amenability of Banach algebras.
Let X, Y and Z be normed spaces and m : X × Y → Z be a bounded bilinear map. Richard Arens in [1] , offers two natural extensions m * * * and m t * * * t of m from X * * × Y * * into Z * * as follows. First we give m * * * in three steps:
(1) m * : Z * × X → Y * , given by m * (z ′ , x), y = z ′ , m(x, y) , where x ∈ X, y ∈ Y and z ′ ∈ Z * ; (2) m * * : Y * * × Z * → X * , given by m * * (y ′′ , z ′ ), x = y ′′ , m * (z ′ , x) , where x ∈ X, y ′′ ∈ Y * * and z ′ ∈ Z * ; (3) m * * * : X * * × Y * * → Z * * , given by m * * * (x ′′ , y ′′ ), z ′ = x ′′ , m * * (y ′′ , z ′ ) where x ′′ ∈ X * * , y ′′ ∈ Y * * and z ′ ∈ Z * .
The map m * * * is the unique extension of m such that the mapping x ′′ → m * * * (x ′′ , y ′′ ) from X * * into Z * * is weak * to weak * continuous for every y ′′ ∈ Y * * , and the mapping y ′′ → m * * * (x, y ′′ ) is weak * to weak * continuous from Y * * into Z * * , for every x ∈ X. Then the first topological center of m is defined as Z 1 (m) = {x ′′ ∈ X * * : y ′′ → m * * * (x ′′ , y ′′ ) is weak * to weak * continuous}.
Let now m t : Y × X → Z be the transpose of m defined by m t (y, x) = m(x, y), for all x ∈ X and y ∈ Y . Then m t is a continuous bilinear map and so it may be extended, as above, to the mapping m t * * * : Y * * × X * * → Z * * . The mapping m t * * * t : X * * × Y * * → Z * * in general is not equal to m * * * , see [1] It is clear that m is Arens regular if and only if Z 1 (m) = X * * , or equivalently Z 2 (m) = Y * * . Arens regularity of m is also equivalent to the following condition
whenever both limits exist for all bounded sequences (x i ) i ⊆ X, (y i ) i ⊆ Y and z ′ ∈ Z * , see [6, 16, 20] . On the other hand, the map m is called left strongly Arens irregular if Z 1 (m) = X, and right strongly Arens irregular if Z 2 (m) = Y .
Let A be a normed algebra with the algebra multiplication π. Then the regularity of A is defined to be the regularity of the map π, when is considered as a bilinear map. Let a ′′ and b ′′ be elements of A * * . By the Goldstin's theorem [9, p.425] , there are nets (a α ) α and (b β ) β in A such that a α → a ′′ and b β → b ′′ , both in (A * * , σ(A * * , A * )). So it is easy to see that for all a
where a ′′ · b ′′ and a ′′ ob ′′ are the first and second Arens products of A * * , respectively, see [6, 16, 20] .
For a Banach algebra A with the operation π : A × A → A , we shall also simplify our notations. The first (left) Arens product of a ′′ , b ′′ ∈ A * * shall be simply defined by the three steps:
for every a, b ∈ A and a ′ ∈ A * . Similarly, the second (right) Arens product of a ′′ , b ′′ ∈ A * * shall be defined by:
for all a, b ∈ A and a ′ ∈ A * . We remark that A * * with respect to either Arens products is a Banach algebra.
We find the usual first and second topological center of A * * , which are Let now X be a Banach A-bimodule, and let π ℓ : A × X → X and π r : X × A → X be the right and left module actions of A on X. Then X * is a left Banach Amodule and a right Banach A-module with respect the module actions π t * t r and π * ℓ , respectively. Also the second dual X * * is a Banach A * * -bimodule with the module actions π * * * ℓ : A * * × X * * → X * * and π * * * r :
where A * * is considered as a Banach algebra with respect to the first Arens product. Similarly, X * * is a Banach A * * -bimodule with the module actions
where A * * is considered as a Banach algebra with respect to the second Arens product. We say that a Banach right A-bimodule X with right module action π r , factors on the left with respect to A, if π r is onto, i.e., π r (X, A) = X. Similarly, if X is left Banach A-module and π ℓ (A, X) = X, we say that X factors on the right, with respect to A. In particular, we say that A * factors on the left (right), if
Recall that a bounded net (e α ) α in A is called a bounded left (right) approximate identity for X, if π ℓ (e α , x) → x (π r (x, e α ) → x), for every x ∈ X. Furthermore, if A has the unit element e and
we say that X is a unital A-bimodule.
The space of continuous derivations from A into X is denoted by Z 1 (A, X). Easy examples of derivations are the inner derivations, which are given for each x ∈ X by δ x (a) = ax − xa for all a ∈ A.
The space of inner derivations from A into X is denoted by N 1 (A, X). The Banach algebra A is said to be amenable, when for every Banach A-bimodule X, the inner derivations are only derivations existing from A into X * . It is clear that A is amenable if and only if
, for every Banach A-bimodule X. The concept of weak amenability was first introduced by Bade, Curtis and Dales in [2] for commutative Banach algebras, and was extended to the noncommutative case by Johnson, see [13] . For Banach A − bimodule X, the quotient space H 1 (A, X) of all continuous derivations from A into X modulo the subspace of inner derivations is called the first cohomology group of A with coefficients in X. A Banach algebra A is said to be weakly amenable, if every derivation from A into A * is inner. Similarly, A is weakly amenable if and only if
Arens regularity and weak amenability
Theorem 2.1. Let X be a Banach A-bimodule and X * factors on the left with respect
Proof. Let a ′′ ∈ A * * and x ′′ ∈ X * * . Also suppose that (x ′′ α ) α is a convergent net to x ′′ in σ(X * * , X * ). Since X * factors on the left, for every x ′ ∈ X * , there are a ∈ A and y ′ ∈ X * such that
It follows that π * * * 
Thus π * * * ℓ (e ′′ , x ′′ ) = x ′′ . Now for every x ∈ X we have π * * * r (x, e ′′ ) = weak
Take x ′′ ∈ X * * arbitrary and ( 
Consequently, we have π * * *
in weak * topology in X * * , and so
(ii): Let the mapping x ′′ → π * * ℓ (x ′′ , x ′ ) be weak * to weak continuous. Suppose that a ′′ ∈ A * * and (
It follows that π * * *
Corollary 2.8. By each of the following conditions, a Banach algebra A is Arens regular. (i) A is a left ideal in its second dual and
The next result provides some conditions under which weak amenability is inherited by a Banach algebra A from the second dual A * * .
Definition 2.9. Let X be a Banach A-bimodule and x ′ ∈ X * . We say that x ′ has RW * WC-property with respect to A ′′ , if for every (a 
. Then for every x ∈ X and x ′ ∈ X * we have
It follows that a
Since every x ′ ∈ X * has the RW * WCproperty with respect to A * * , for every x ′′ ∈ X * * , we have
) and a ′′ α x ′ → 0 in weak * topology where x ′ ∈ X * . Since Z 1 (π r ) = X * * , for every x ′′ ∈ X * * , we have
It follows that a ′′ α x ′ → 0 in weak topology, and so x ′ ∈ X * has the RW * WC-property with respect to A ′′ . 
